
Problem 8.19 + Extra Ibraheem Faisal Al-Yousef PHYS410

Introduction

In this problem, I will use the variational principle to compute the ground state energy for four trial wavefunc-

tions.

Variational Principle:

⟨ψ|H|ψ⟩ ≥ Egs; For any trial wavefunction ψ

Step 1: ⟨ψ|ψ⟩ = 1

Step 2: ⟨ψ|H|ψ⟩ = ⟨ψ|T |ψ⟩+ ⟨ψ|V |ψ⟩ = ⟨E(α1, α2, . . . , αN)⟩

Step 3: dE(α1,α2,...,αi,...,αN )
dαi

= 0

Step 4: E(α∗
1, α

∗
2, . . . , α

∗
N) ≥ Egs

Where α1, α2, . . . , αN are parameters to be minimized into α∗
1, α

∗
2, . . . , α

∗
N

Problem 8.191

ψ1(r) = Ae−αr ψ2(r) = Ae−αr2 ψ3(r) =

A(R− r) 0 ≤ r ≤ R

0 elsewhere

ψ4(r) =
1

1 + (αr)2

Trial wavefunction: ψ1(r) = Ae−αr

⟨ψ1|ψ1⟩ = 4πA2

∫ ∞

0

e−2αrr2dr = 1

Using the fact that I(β) =

∫ ∞

0

e−βrdr =
1

β
; Then taking the second derivative of I(β)

d2I(β)

dβ2
=

∫ ∞

0

e−βrr2dr =
2

β3

4πA2 2

(2α)3
= 1 =⇒ A =

√
α3

π

E(α) = ⟨ψ1|H|ψ1⟩ = ⟨ψ1|T |ψ1⟩+ ⟨ψ1|V |ψ1⟩

⟨ψ1|T |ψ1⟩ = −2ℏ2π
m

A2

∫ ∞

0

e−αr∇2e−αrr2dr

Using integration by parts, we can simplify the Laplacian∫
Ψ∗(R)∇2Ψ(R)d3R = −

∫
|∇Ψ(R)|2 d3R

⟨ψ1|T |ψ1⟩ =
2ℏ2πα2

m
A2

∫ ∞

0

e−2αrr2dr

1Griffith’s Introduction to Quantum Mechanics, 3rd ed.
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⟨ψ1|T |ψ1⟩ =
2ℏ2πα2

m

α3

π

2

(2α)3
=

ℏ2α2

2m

⟨ψ1|V |ψ1⟩ = −4πke2A2

∫ ∞

0

e−αr 1

r
e−αrr2dr = −4πke2A2

∫ ∞

0

e−2αrrdr

dI(β)

dβ
= −

∫ ∞

0

e−βrrdr = − 1

β2

⟨ψ1|V |ψ1⟩ = −4πke2A2 1

4α2
= −αke2

⟨ψ1|H|ψ1⟩ = E(α) =
ℏ2α2

2m
− αke2

dE(α)

dα
= 0 =⇒ ℏ2α

2m
− ke2 = 0 =⇒ α∗ =

e2km

ℏ2

E(α∗) = −e
4k2m

2ℏ2
= − e4m

8ϵ20h
2
= −Ry = Egs

Trial wavefunction: ψ2(r) = Ae−αr2

⟨ψ2|ψ2⟩ = 4πA2

∫ ∞

0

e−2αr2r2dr = 1

Using the fact that I(β) =

∫ ∞

0

e−βr2dr =
1

2

√
π

β
; Then taking the first derivative of I(β)

dI(β)

dβ
= −

∫ ∞

0

e−βr2r2dr = −1

4

√
π

β3

πA2

√
π

(2α)3
= 1 =⇒ A =

(
2α

π

)3/4

E(α) = ⟨ψ2|H|ψ2⟩ = ⟨ψ2|T |ψ2⟩+ ⟨ψ2|V |ψ2⟩

⟨ψ2|T |ψ2⟩ = −2ℏ2π
m

A2

∫ ∞

0

e−αr2∇2e−αr2r2dr =
8ℏ2πα2

m
A2

∫ ∞

0

e−2αr2r4dr

d2I(β)

dβ2
=

∫ ∞

0

e−βr2r4dr =
3

8

√
π

β5

⟨ψ2|T |ψ2⟩ =
3ℏ2πα2

m

√
8α3

π3

√
π

32α5
=

3ℏ2α
2m

⟨ψ2|V |ψ2⟩ = −4πke2A2

∫ ∞

0

e−αr2 1

r
e−αr2r2dr = −4πke2A2

∫ ∞

0

e−2αr2rdr

Using u-substitution technique, u = e−αr2 ; du = 2αre−αr2dr

⟨ψ2|V |ψ2⟩ = −πke2
√

8α3

π3

1

α
= −2ke2

√
2α

π

⟨ψ2|H|ψ2⟩ = E(α) =
3ℏ2α
2m

− 2ke2
√

2α

π

dE(α)

dα
= 0 =⇒ 3ℏ2

2m
− ke2

√
2

πα
= 0 =⇒ α∗ =

8e4k2m2

9πℏ4

E(α∗) =
e4k2m

2ℏ2

[
8

3π
− 16

3π

]
= − 8

3π
Ry > Egs
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Trial wavefunction: ψ3(r) =


A(R− r) 0 ≤ r ≤ R

0 elsewhere

⟨ψ3|ψ3⟩ = 4πA2

∫ R

0

(R− r)2r2dr = 4πA2

∫ R

0

r4 − 2r3R + r2R2dr =⇒ A =

√
15

2πR5

⟨ψ3|T |ψ3⟩ =
2ℏ2π
m

A2

∫ R

0

∣∣∣∣ ddr (R− r)

∣∣∣∣2 r2dr = 2ℏ2π
m

A2R
3

3
=

5ℏ2

mR2

⟨ψ3|V |ψ3⟩ = −4πke2A2

∫ R

0

(R− r)2rdr = −πke2A2R
4

3
= −5ke2

2R

⟨ψ3|H|ψ3⟩ = E(R) =
5ℏ2

mR2
− 5ke2

2R

dE(R)

dR
= 0 =⇒ 5ke2

2R2
− 10ℏ2

mR3
= 0 =⇒ R∗ =

4ℏ2

ke2m

E(R∗) = −5e4k2m

16ℏ2
= −5

8
Ry > Egs

More & Comparison

Using this Mathematica code:

ψ[r_] :=
1

1 + α
2 r2

Normalization = Solve4 Pi A^2 Integrateψ[r]2 * r2, {r, 0, ∞}  1, A, Reals〚2〛 // Normal;

T = A2
2 ℏ

2 Pi

m
IntegrateD[ψ[r], r]2 * r2, {r, 0, ∞} // Normal;

V = -A2 4 Pi k e^2 Integrateψ[r]2 * r, {r, 0, ∞} // Normal;

En = T + V /. Normalization;

astar = Assuming[{α > 0, m > 0, ℏ > 0, k > 0, e > 0}, Solve[D[En, α]  0, α, Reals]]〚1〛 // Normal;

"E(α*
)=" <> ToString[(Assuming[{α > 0, m > 0, ℏ > 0, k > 0, e > 0}, (En /. astar) // FullSimplify] // Quiet), TraditionalForm] // TraditionalForm

"E(α*
)=" <>

ToStringAssuming[{α > 0, m > 0, ℏ > 0, k > 0, e > 0}, (En /. astar) // FullSimplify]*
1

e
/. ℏ  1.054571817* 10-34 /. k  9* 109 /. e  1.6* 10-19 /.

m  9.1093837× 10-31, TraditionalForm <> "eV" // TraditionalForm

Figure 1: Mathematica code used to obtain the results for ψ4

Using the code to obtain the results for ψ4, then making a table of comparison:

ψtrial e−αr e−αr2 (R− r) 1
1+(αr)2

E(α∗) −Ry − 8
3π
Ry −5

8
Ry − 8

π2Ry

%Difference 0% 15.1% 37.5% 18.9%

Table 1: Results
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